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The initial simplex method is a systematic repeated procedure until it
finally reaches the desired or optimal solution. The set of steps that is repeated

each time in such a process is called an iteration.

Basics of the primal simplex method

In an algebraic method, working with equal equations is far simpler than
inequalities. Hence, the first step of the simplex method (omit the primal for
the rest of manuscript) is to convert functional constraints from an unequal
form to equal one. The constraints of negativity can be left unequal because
they do not enter directly into the solution process. The conversion of an
inequality to equality is done by introducing slack variables. Next, we solve the
following model using Simplex method in the form of an example. The model is
as follows:

(P1) Max Z =3x, +5x,

St.

@ x,; <4
(2) 2x, <12

(3 3x,+2x,<18
X, 20,x,2>0.

Now consider the functional constraint (1),x, <4. The slack variable of
this constraint, x,, is defined as the difference of right and left side of

constraint 1. Therefore, constraint 1 can be rewritten as follows:
X +X;=4

The above equation is equal to the limit of 1 provided that x,>0. Hence

constraint 1 is equivalent to the following set of constraints:

X, +X,=4 _y <4
X;>0 '
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To clarify the subject, we give a simple example. Consider the constraint

X, <4.1f x, =1 then we have 1<4 and the value of the slack variable is equal to

3, X, =3. The relation x, <4 becomes X, +X,=4 and in this case x, =1 andx, =3

For other inequalities, the model (P1) can be similarly rewritten as
follows:
(P1-1) Max Z =3x,+5x,
St.
@ x, +X, =4
(2) 2X, +x, =12
(3 3x,+2x, +X,=18
X1 X5, X5, X4, X 20
Model (P1-1) is exactly the same as model (P1), but this new format is
much simpler for algebraic operations. In model (P1-1) the number of variables
is equal to 5 and the number of constraints is equal to 3, in which we are faced
with a set of constriant with two degrees of freedom(number of variables-
number of constriants). In this case, you can set the desired value for two
additional variables in each step and solve the system equation of three
constraint having three variables. In the simplex method, these two additional
variables are set equal to zero. Variables that are considered zero are called
Non-basic variables and others are called Basic variables. The solution that all
non-basic variables are equal to zero is called the Basic solution and the basic
solution in which the basic variables are non-negative is called the Basic

feasible solution.

Notice that the basic variable can be read immediately in the model
because each equation has just one basic variable, which has a coefficient of 1,

and this basic variable does not appear in any other equation.
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It is easier for solving that the objective function rewrite as the functional
constraint in the list of constraint with row zero. Therefore, before presenting

the simplex method, we rewrite the problem (P1-1) as follows.

(P1-2) Max Z
st.
(0)Z —3x, -5x, =0
@ X, + X, =4
(2) 2X, +x, =12
3 3x,+2x, +X,=18
X1, X5, X5, X4, X5 20

In the row zero, Z is the basic variable; because it has a coefficient of 1 in

row zero, and it does not appear in any other equation

The primal simplex method

In this section, we will present the formal form of simplex method. In
short, at each step the simplex method seeks to find the basic feasible solution
provided that this solution is not worse than the previous solution to finally
find an optimal basic feasible solution. To convert from one basic feasible
solution to another on, it is sufficient to convert one basic variable to a non-
basic variable (leaving variable) and a non-basic variable to a basic variable
(entering variable). With these changes, the current basic feasible solution
moves to the adjacent basic feasible solution. If a basic feasible solution is
better than all the adjacent basic solution, that solution is the optimal solution
and the algorithm ends at this point. The following figure summarizes the steps

of the simplex method in general.
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Initial step

Iterative step

Stopping step

Find the feasible basic solution

Move to adjacent feasible basic solution

If there is no better adjacent solution, stop it, otherwise go to iterative step.

We express each step of the simplex method in the form of an example.

Intial step:
Call the slack variables (x;,x,,X;) as the basic variables and set the (x,,x,)

variables as non-basic variables equal to zero. For simplicity of calculation, the
coefficients of the variables and the value on the right hand side are written in

the table named the simplex tableau. The example simplex tableau (P1-2) is as

follows.

Basic variable Right Hand Side

0

4

12

18

Because each equation contains a basic variable with a coefficient of +1,

so the value of each basic variable will be equal to the value of right hand side
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(RHS) of the equation. The basic feasible solution of the above table is equal to

(x,=0,x,=0,x,=4,x,=12,x, =18), which is displayed as (0,0,4,12,18) in the rest.

Stoping step:

If and only if all coefficients of row zero are non-negative (>0), then the
current basic feasible solution is the optimal, and then stop. Otherwise, repeat

the interative step to find the adjacent basic feasible solution.
Iterative step:

Substep 1: Select the variable that has the largest negative coefficient for
non-basic variable in row zero as the entering variable. Increasing the value of
this non-basic variable leads to the fastest growth rate of the objective
function. Draw a rectangle around the column below entering variable and call
pivot column. In this example, the largest negative coefficient (-5) is for the

variable (x,) and therefore it is selected as the entering variable.

Substep 2: The leaving basic variable is determined as follows.
A) Consider the positive coefficients of the pivote column
B) Divide the right hand side into positive coefficients

C) Select the row for which the ratio obtained in part (B) is the

smallest.
D) The basic variable of this row is the leaving basic variable.

Substep 3: Draw a rectangle around this row and call pivot row. The value

in both rectangles (pivote column and pivote row) is called the pivot number.

The results of the above operations are given in the table below.
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Input variable

v

Basic variable X Ratio test
(0) (4)

z - -5

X3 0 Min 6=12/2

Output variable X, 2 9=18/2

Xs 2\
/

Pivot row

Pivot number

Pivot column

In the above table, the variable x, is the entering variable and the

variable x, is the leaving variable.

Substep 4: Get the new basic solution with the help of a new simplex

tableau. The steps to obtain a new tableau are as follows.

A) In column (0), delete the leaving variable, x,, and replace it with the

entering variable, x,,.

B) To convert the coefficient of entering variable to one, divide the pivote

row by the pivote number.

C) In order to remove the e basic variable from the other row, each row

(even row zero) except the pivote row should be changed as follows.

C1. Multiply the pivote row by a nonzero constant which lead to
become zero the coefficient of pivote column except from pivote number

C2. Add a multiple of pivote row to another row.

After creating a new simplex tableau, we go to the stopping step. If the

stopping condition is met, the algorithm will stop; otherwise we will go to
iterative step. We will continue this process until the stopping condition is met.

The complete table of samples for (P2-1) is as follows.
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Basic variable Right Hand Side Ratio test

N
>
iy
>
o
>
o

0
4
12 Min 6=12/2

Z

X

X,

18 9=18/2
30

4 4=4/1

6

X5

z

Xy

Xz

Xs

6 | min2=6/3 |

Z

Xy

Xz

wlinv|r|lojlw|inv|Rr|lolw|Nn|r|o
o|lo|o|r|lolo|o|r]ol|lolo |+
rlolo|lojwlo|l~r|Gllwllol| b
o|lr|lo|lolollr|lo|loffn]|Nmlolh
o|lo|r|lojolo|r|o]lo||lo|r|o

X1

In the table above, the basic solution (2,6,2,0,0) withZ =36 satisfies the

stopping condition, and therefore this solution is optimal.

Note: In each iteration of the simplex algorithm, one of the corner points
of the feasible region is tested. Due to the small size of the model, the
movement on the corner points of the feasible region can be seen in the

graphical display of the model (P1) as follows.

Iteration 3

Iteration 2

6

Iteration 1
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If we had not chosen the larger absolute negative coefficient(it means x;
is as a entering variable), we would moved counterclockwise in the feasible

region, and another basic feasible solution having been considered.

Shadow price

The simplex method produces other valuable information in addition to
the optimal solution. The shadow value of the source i (denoted by y;)
measures the marginal value of source i, which indicates the rate of increase of
Z due to a slight increase in the right hand side of source i (b, ). Note that the
rate of increase must be small enough that the current set of variables remains
optimal because as soon as the set of basic variables changes, the shadow
price also changes. The coefficient of i-th slack variable, which is related to i-th
constraint, in row zero of final simplex tabluea determines the shadow price of

i-th constraint.

For example in model (P1), the shadow price of constraint 1 is equal to

the coefficient of x,in row zero (equal to zero), the shadow price of constraint
2 is equal to the coefficient of x,in row zero (equal to 1.5) and the shadow

price of constraint 3 is equal to the coefficient of x,in row zero (equal to 1).

Note: In other words, the shadow price of source 1 is the maximum price

that it is cost-effective to pay to increase one unit of this source.

Special cases in simplex method

Picking the entering variable

Suppose two or more non-basic variables have the largest negative
coefficient. Here, pick the one with the largerst index. For example, consider

(P1) model with different objective function, Z=3x,+3x,. Both x, and x, had a

coefficient of 3, and 3; we pick x, . In this problem, if x, is selected, we will
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reach the optimal answer after three iterations, while if we choose x, , we will

reach the optimal solution after two iterations.

Degeneracy

A linear model is degenerate if in a basic feasible solution, one of the
basic variables takes on a zero value. Degeneracyis a problem in practice,
because it makes cycling in the basic solution and then makes the simplex

algorithm slower.

Note: A simple rule to get out of the state of decay is to use Bland's rule.
In this rule, a variable is selected as an input to the base that has the lowest
index and the lowest coefficient of the objective function. In the case that
there is more than one choice for the output variable from the base, the

variable that is closest to the target function line or the zero line is selected.

Unbounded Z

Consider a situation where none of the basic variables have leaving
conditions, and the value of the basic entering variables can increase infinitely
without any of the other basic variables being negative. This condition occurs
when coefficients of the pivote column in the simplex table are all negative or
zero (non-positive). Consider the following model to clarify the issue.

Max Z =3x,+5x,

st.
@ x,
(2) -X,<12
(3 3x,-2x,<18
X;>0,x,2>0.
The graphical display of the above model is as follows. Clearly, the value

of the objective function increases infinitly and the form of a simplex table is

given below.
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Unbounded /
feasible region /

-+

Basic variable Right Hand Side

0

4

12

18

In the table above, we have x,=12+2x, and x,=18+2x,-3x, where x,

can be increased to infinity. Therefore, the value of the objective function

increases to infinity and the constraints do not prevent the unboundness of

11




Www.optimizationcity.com First Encyclopedia Of Operations Research

objective function. If this happened, it could have been a miscalculation or

missing some constraints.

Multiple optimal solutions

Whenever a problem has more than one optimal basic feasible solution,
at least one of the nonbasic variables has a coefficient of zero in the final row
zero, so increasing any such variable will not change the value of Z. Therefore,

these other optimal basic feasible solutions can be identified (if desired) by

performing additional iterations of the simplex method, each time choosing a

nonbasic variable with a zero coefficient as the entering basic variable.
Consider the following model

Max Z =3x,+2X,
st.
@ x, <4
(2) 2x,<12
(3 3x,+2x,<18
X, >0,x,2>0.

The graphical display of the above model is given below. In this figure,
each point of the line connecting (2,6) and (4,3) is the optimal solution.
Knowing the existence of multiple optimal solutions to the problem is often
very important in applying the results in practice. A mathematical model
cannot take into account all the economic factors in the real world. Therefore,
you can choose the best solution of optimal solutions with the help of an

expert.
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Basic variable

~N
a3

hyd

Right Hand Side

z

'
w

0

Non optimal

X3

4

Min 4=4/1

X,

12

Xs

18

6=18/3

z

1
N

12

Non optimal ‘

X1

4

X4

12

6=12/2 ‘

Xs

6

Min 3=6/2

Z

18

Optimal

Xy

ol ||lO|lO|C |~ |OfJOC|O

4

a=4/1

Xq

6

| Min 2=6/3

X;

ol ||lo|lofjoflr|o|joc]lo|r|o|lo]| X

3

Zz

‘ Optimal ‘

X3

X3

WiN|FR|lOJW|IN|RP[OJlW|N|R|OJW|N|H|O
=N N-RE-REs E=2 E=Rii=RE_N =1 N=l =k i N=kNel okl N
o|lo|(rlojJOojOojlr|Oofo||lo|r | Cofjw|Of

Hlo|lo|jlolr]Jo||lo|ofN|IN| O

Xz

In the table above, the two basic solution (4,3,0,6,0) and (2,6,2,0,0) are

optimal and the optimal value is Z =18 in both.
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Equality constriants
Any equality constraint
&, X, +a,X, +...+8, X, =b,
actually is equivalent to a pair of inequality constraints:
a X, +a, X, +...+a,X, =b
a X, +a X, +..+a.x, <b

However, rather than making this substitution and thereby increasing the

number of constraints, it is more convenient to use the artificial-variable

technique. We shall illustrate this technique with the following example.

The only resulting change in the linear programming model is that the
third constraint, 3x,+2x,<18 , instead becomes an equality constraint. The
new model as follows:

Max Z
(0)Z —3x,-5x, -
(1) Xy +X; >
(2) 2X, +x, =12

3 3x,+2x, =18
X, X5, Xg,X, 20

The below figure shows the graphical display of the above model:
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Feasible region

Unfortunately, these equations do not have an obvious initial basic
feasible solution because there is no longer a slack variable to use as the initial
basic variable for constriant (3). It is necessary to find an initial basic solution

solution to start the simplex method.
This difficulty can be circumvented in the following way.

Obtaining an Initial BF Solution.

The procedure is to construct an artificial problem that has the same
optimal solution as the real problem by making two modifications of the real

problem.

1. Apply the artificial variable by introducing a nonnegative artificial

variable (call it X, ) into constraint (3), then we have:
3X, +2X,+X, =18

And then the model would be:
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Max Z

(0)Z —3x, -5x,

o x

(2) 2X, +X,

3 3x,+2x, +X, =18
X1, X5, X5, X,, X 20

Adding an artificial variable, X;, enlarges the possible area similar to the

figure below.

2. Assign the penalty to having x; =0 by changing the objective function
Z -3X,-5x,+M x; =0, where M symbolically represents a huge positive
number. (This method of forcing X, =0in the optimal solution is called the Big

M method.)

Converting Equation (0) to Proper Form.

The system of constriants is not yet in proper form because a basic

variable x; has a nonzero coefficient in Eq. (0). Recall that all basic variables

must be algebraically eliminated from Eq. (0) before the simplex method can

either apply the optimality test or find the entering basic variable. To

16
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algebraically eliminate x; from row zero, we need to subtract from row zero

the product, M times row 3, as below.

®

!
@®+-ME®

Now find the optimal solution for the real problem by applying the

simplex method to the artificial problem, starting with the following initial BF

solution:

Basic variable

Right Hand Side

Z

-18M

Non optimal

X3

o

4

Min 4=4/1

Xs

o

12

o

18

6=18/3

0
v

Non optimal ‘

6=12/2 |

Min 3=6/2

Non optimal

4=4/1

Min 2=6/3

ojrjlojocjo |||l Oo| O] O

Optimal ‘

olo|Co|~H|OojJOo(lOoO|RjOof|lo|lOC| R

olo|r|OjOjO|(r|OfOo O~ | O

'
mlolo|lOo]lr|oflo|ogNIN|lO|=Z

In the above table, the optimal solution is (2,6,2,0,0).
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Two-phase method

As mentioned, the big M method is used to solve the linear programming
model with artificial variables. But because calculations with big M are very
difficult in large models, it can lead to computational error. In this cas, Two-
phase method is recommended. In this method, phase 1 seeks to minimize the
sum of artificial variables. If the model succeeds in making the sum of the
artificial variables equal to zero, the solution is used as the initial solution of

the model in phase 2. In the following example, two-phase method is applied..

Example: Using the two-phase method, work through the simplex method
step by step to solve the problem.
Max Z =4x,+2X,+3X,+5X,
St.
(M) 2x,+3x,+4x,+2x,=300
(2) 8x,+x, +x, +5x, =300
X, 20 i=1..4

Solution:

Write the model in the standard form:

Max Z =4x,+2X,+3X,+5X,
st.
(D) 2x,+3%x, +4X,+2X, + X, =300
(2) 8x,+x, +x, +5x, +X, =300
X, 20 i=1..6.

In the two-phase method, we first solve a model that seeks to minimize

the objective function w =x; +x, with the limitations of the original model. In

fact, we are looking to optimize the following model.
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MinW = Xs+Xg
st.
@D 2x,+3x,+4x,+2x,+x, =300
(2) 8x,+x, +x, +5x, +X, =300
X, 20 i=1..6.

The solution of the above model is done simultaneously with the orginal
model, in which the objective function W and Z are entered in the simplex

table.

Basic variable

w

z

o

Non optimal — Start phase 1

300/2=150

Min 300/8=75

Non optimal — Continue phase 1

o

Min 60=225/3.75 ‘

3000=375/0.125 ‘

Optimal — End phase 1 ‘

Non optimal — Start phase 2 ‘

300=60/0.2

Min 50=30/0.6

Optimal — End phase 2 ‘

clo|~|lolo|r]|]o|lo|w|o]lo|lo]r|o]lolo|+~]|o
oco|lo|lolo|lo|lolo|lo|o|ku]o
m|lololr|o|lo|~|o

NlRr|lOlN|R|OIN|RL|O

o

The optimal solution of original model is (0,0,50,50) and Z~ =400.

Revised simplex method

Another practical method for solving linear programming problems is the
revised simplex method. Although the simplex method is suitable for

performing manual calculations, it does not have the necessary efficiency to
19
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solve large problems by computer. The reason can be found in the storage of
information that may never be used in simplex iterations. For example, some
variables never meet the necessary conditions to be selected as input
variables, as a result, all calculations related to the coefficients of these
variables in the objective function and constraints will remain unused. In fact,
the column corresponding to that variable is calculated, but it is not actually

used.

The Revised Simplex method solves the problem by using all the principles
and steps of the original Simplex method, without performing redundant
operations and storing useless information, which require a lot of memory to
keep in the computer. The use of the matrix is an inevitable necessity in
applying the revised simplex method, and this makes the definition of the

matrix of the linear programming problem necessary.

Matrix representation of the linear programming

In general, the standard linear programming problem is represented as

follows:

Max Z =cx
Ax <b
X >0

Where

X =X, X500 X, |

8y 8

a a a

ml m2 mn

Example: Display the following model as a matrix.
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Max Z =4x,+3X,+6X,
33X, + X,+3x,<30
2X, +2X, +3X, <40
X1, X,,X320

In the above model:

— Max Z =[4,3,6]| x,
X3

In case of adding slack variables, the problem becomes as follows:

Max Z =cx
Max Z =cx

AX +Is=b — [A,I]K}zb_
X,$>0
X,$>0

where

000 -1

where | is called the m-by-m unit matrix and
s :[sl,sz,...,sm]T

By adding the slack variable s, the model is displayed as a matrix

representation:
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Max Z =[4,3,6,0,0]

31310
2 2 301

(A1]

2

X1, X5, X4,8,,8,20

The number of basic variables is equal to the number of constraints and is
equal to m. The matrix [A,l] has m rows (m number of constraints other than
non-negativity constraints) and m+n columns, which include m basic variables
and n non-basic variables. In the above example, m is equal to 2 and n is equal

to 3.

Matrix [A,l] is divided into two matrices, one of which consists of the
coefficients of basic variables and the other of the coefficients of non-basic
variables. The matrix of coefficients of basic variables is represented by B and

the matrix of coefficients of non-basic variables is represented by N. In the

same way, all the variables of the problem, x;,s;(j =1..,m;i =1,...,n), are also

divided into two groups of basic variables (xg ) and non-basic variables (xy ).

Note: In the first step of the basic simplex algorithm, basic variables are of
type s; and non-basic variables are of type x;. In the next steps, this situation
will change and the basic variables will be a combination of s; and x;. In the

following, we will explain this situation with an example.
Example: Solve the following model using the revised simplex method.

Max Z =4x,+3X, +6X,
33X, + X,+3x,<30
2X, +2X, +3Xx, <40

X1, X,,X320
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Solution:

The initial simplex table for the above problem is as follows:

Basic variable

z - - - 0
81 30
) 0 40

v / 7

B h

In the above table, basic variables or xg are slack variables (s4,s,); and non-
basic variables or xy are decision variables (xi,X;,X3). B is the matrix of
coefficients of basic variables and N is the matrix of coefficients of non-basic

variables in the constraints.

:[51’52]’XN :[Xlixz’xa]

Lol f Pt

The table of the first iteration of the simplex method is as follows.

Basic variable

Z

X3

S)

In the above table
Xg =[X58,]. Xy =[x %,.8,]
30 311
B = N =
{3 1} {2 2 o}

The matrix B is the coefficients of the basic variables in the initial table,

and B™ is the inverse matrix of B. The coefficient of x; is 3 in the first constraint
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and 3 in the second constraint, so the first column of matrix B is created in this
way.

Max Z =4x,+3x,+6X,
3X, + x2+3£30

2X, +2X, +[3), <40
X1, X,, X320

The final simplex table is as follows.

Basic variable

Z

Where

X5 =[Xg. %, Xy =[X1,51.5, ]

31 310
B = N =
{32} {201}

The matrix B is the coefficients of the basic variables in the initial table,

and B is the inverse matrix of B. The coefficient of xs is 3 in the first constraint
and 3 in the second constraint, so the first column of matrix B is created in this
way. The x, coefficient is 1 in the first constraint and 2 in the second constraint,

so the second column of matrix B is created in this way.

With the explanations given above, the matrix representation of the
linear programming model can be expressed. The constraints of the linear

programming model are written as follows.
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The variables are divided into two parts according to decision and slack
variables. It can also be divided into two parts according to basic and non-basic

variables and written as follows:

[B.N ]L)((B}:l)_—)BXB +Nx, =
N

If we multiply both sides of the equation by B™, we will have:

B 'Bxg +B'Nx,, =B
Xy =B —B Nx,
Since xy represent non-basic variables and have zero value, we have as a

result:

Xg =B7b

If we have B for each table, the above relation gives the value of the

basic variables of that table or the numbers on the right side of it.

The objective function will be as follows by separating the variables into
basic and non-basic variables:
Z =CgXy +C\ Xy
Z =c, (B’lb_—B’leN )+CuXy
Z =c,B ™" —cyB 'Nx, +C\ X,
=cgB™ —(czB N —c, )x,
Since xy represent non-basic variables and have zero value, we have as a

result:
Z=c,B™
The coefficient of the non-basic variables in the objective function, that is,

the coefficient xy, which is denoted by the symbol z-c;, will be as follows

according to the above relationships:

-1
z;-C; =CgB'N —c,
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Coefficients of non-essential variables (xy) in the constraints, according to

the following equation
Xz =B —B Nx,
Equal to
BN

The N matrix is shown as a column vector of non-basic variables, each

column corresponding to one variable.

N =[a.a,..,a,]
where each column of N shows the variable coefficients x; in the

constraints. In this way, the following relationship is used to calculate the

pivote column numbers:

_Blg
a; =Bq;

To learn more about how to apply the above relations, we give an

example.

Example:

Max Z =4x,+3x,+6X,
33X, + X,+3x,<30
2X, +2X,+3x, <40
X1, X,, X320

Suppose we want to obtain the numbers of the simplex table, where the

variables x3 and x, are the basic variables. Therefore, we have:

X3 Xp X1 S1 Sy B E _1
cB=[6,3},cN=[4,O,O},B: 3 1|3 "3
3 2 -1 1

Xy =[X1,5,,8,].Xg =[X3.X,]
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To calculate the coefficient of non-basic variables in the objective function

of the simplex table, where x3; and x, are basic variables, it is done as follows:

2 e s s X, §; S2 X; §; S
z,-¢, =C4B'N —ch{é,é} 3 3310 {4,0,0}:{1,1,1}
1 112 01

In this simplex table, the value of xg and Z is calculated as follows.

The calculation of the x; variable column is done as follows:

a =873

2 1
3

3
-1 1

a1=

What has been said so far has covered all the necessary prerequisites for
presenting the revised simplex algorithm. Therefore, we will continue to

introduce this algorithm.

Revised simplex algorithm

Step 1: Determine the input variable. At each iteration, find the non-

prime coefficients in the objective function using the c,B'N —c, . If these

values are all non-negative, you have reached the optimal solution. Calculate

the optimal solution using the following relations.

X, =B
Z=c,B™
Otherwise, select the variable with the most negative calculated

coefficient. This variable is the input variable.

27
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Step 2: Determine the output variable. Selecting the output variable

requires having the coefficients of the input variable in the constraints and

numbers on the right hand side. If the variable x; is the input variable, its

coefficients in the constraints are obtained from the following relationship.

1=
a; =B7q,
The value of the current basic variables which is equal to numbers on the

right hand side is:

Xg =B7b

The basic output variable is obtained as follows.

Min {X—B}
J aj

Step 3: Calculate the new B™ and determine the new basic variable and
go to step 1.

Example: Consider the following model. Obtain the optimal solution using
the revised simplex algorithm.

Max Z =4x, +3X,+6X,
3X,+ X,+3x,<30
2X, +2X, +3x, <40
X1, X5, X320

Solution:

We rewrite the model as follows.

Max Z =4x,+3X, +6X,
X, + X, +3X,+S, =30
2X, +2X, +3X, +s, =40
X1,X,,X35,5,,8,20

Iteration 1
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Step 1. Determine the input variable. The basic variable of iteration 1, s

and s, and their coefficient in the objective function is zero (cz=(0,0)). The

coefficients of non-basic variables (xy=(x1,X,,X3)") are calculated as follows:

S; S 1 0 ok s X1 Xz X3 X1 Xz X3
2, ¢, =¢,BN —c, =[o,o}{ } 3 13 —[4,3,6}:{—4,—3,—6}
0 1jj2 2 3

Because the coefficient of x; is equal to -6 and the most negative number,

this is the input variable shown in the table below.

Basic variable X4 X, X3

z -4 -3 6

NS

6= min{—4 —3,—6}

Step 2. Determine the output variable. The x; coefficients

constraints are calculated as follows:

_gog |1 O][30]_[30
%75 %70 1l40|7 |40
—)Min{@,@}:m
3 3
Because the smallest number of the result corresponds to the basic

variable s4, this variable is selected as the output variable. The calculations of

steps 1 and 2 are summarized as follows:

Basic variable

z - 0
S 30
S, 40

Step 3. Calculate the new B and xg. Since variable x3 is input and s; is

output, the basic variables of the new iteration are:
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Xg :[X3,52]T C; =[6,0]>B :{3

Iteration 2

Step 1. Determine the input variable. The coefficients of non-basic

variables, xy=[Xx1,X,,51], are calculated as follows.
X3 S, 1 0 1o X2 % Xy Xy 8 X, X, S
z,-c, =¢,BN —c, ={6,0} 3 311 —{4,3,0}:{2,—&2}
-1 11/1l2 2 O
X, becomes the input variable.

Step 2. Determine the output variable.

1
3
1

2Hs

s, is the output variable.

Basic variable

Z

X3 3 10

S5 10

Step 3. Since x, is the input variable and s, is the output variable, the basic

variables of the next iteration are:
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Xg =[X5%,] 1cs =[6,3]

31 ., 2
B = —-B7=|3
3 2 1

Iteration 3
Step 1. Determine the input variable. The coefficients of non-basic
variables (xy=[X1,51,5,]") are calculated as follows:
X3 X, 2 _l o2 X1 Sy S X1 81 Sz
z,-c, =c,BN —CN={6,3} 3 3310 {4,0,0}:[1,1,1}
-1 112 01

Because all the obtained numbers are non-negative, you have reached

the optimal solution.
Example: Solve the following problem by the revised simplex method.

Max Z =3x,+2X,
2X,+X, <4
X, +2X,2>6
X, X, 20

Solution:

The s; variable is considered as the basic variable of the first constraint,
the s, variable is considered to equalize the second constraint, and the R,
variable is considered as a slack and artificial variable, respectively, for the
purpose of the second constraint basic variable.
Max Z =3x,+2X, -MR,
2X, +X,+S, =4

X, +2X, -S,+R,=6
X1,X,,8,,8,,R, =0

Thus we have:
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Iteration 1:

Step 1. We define the input variable.

sy R, 1 0 oo %2 X3 X3 Sy
z,-c, =C4B N —¢, = o,—MH } 210 —{3,2,0}
: 0 11 2

Considering that the value of -2M-2 has the most negative value,
therefore, the variable x, is introduced as an input variable to the basic

variable.

Step 2. Select the output variable from the base variables. For this, we

must first obtain the value of variable coefficients x, in all constraints.

<o 22
S RN

The variable R, is removed from the base.

Step 3. We calculate the new B™.
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Iteration 2

Step 1. Determine the input variable.

z,-c; =CyB7N —c, ={0,2} 2
1
0 -
2

X, becomes the input variable to the base.

Step 2. Determine the output variable.

The variable s; becomes the output variable of the base.

Step 3. We calculate the new B™.

Xg =[x X, Xy =[s0.R,8,] s =[32] ¢, =[0,-M,0]
2 1

s-|? t,pio3 3
1 2 12

3 3

Iteration 3

Step 1. Determine the input variable.
33
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Sy

4,1
3 3 3
n

The variable s, enters the base.

Step 2. Determine the output variable.

The ratio test is performed only on the positive numbers of the column

corresponding to the input variable. Therefore, the x; variable is removed from
the base.

Step 3. Calculate the new B™.

X g =[sz,x2]T X, =[sl,R2,xl]T ¢; =[0,2] ¢, =[0,-M,3]
{0 1} . {2 —1}

B = —-B =
-1 2 1 0

Iteration 4

Step 1. Determine the input variable.
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ss R, xg s, R, x
z,-c, =c,BN —CN{ 10 ZI{O,M,B}

0 1 1
ss Ry xg
lz,M,ll

Because there are no negative values in the above values, we reached the

optimal solution. the optimal solution is as follows.

Bl
0,2 =8
1 06
. s 42 1)4)_]2
"X, |1 o6]| |4
Simplex method with bounded variable

In many linear programming problems, we encounter cases where the
decision variables have a specific upper or lower limit. In this case, the form of

the problem will be as follows:

Max Z :chxj
=i

n
Zaijxj <b, i=1..m
j=1

X;<up,x; =l j=l..,n

u; and |; are fixed numbers that show the maximum increase (upper limit)

and the maximum decrease (lower limit) of variable x;, respectively.

A simple and inefficient way to solve such problems is to deal similarly
with bounded variables and other functional constraints of the problem. This
way of dealing with problem solving leads to increasing calculations and
reducing the efficiency of solving. On the other hand the time required to
perform simplex calculations is affected by various factors, the number of
constraints being the most important. Experience has shown that the

calculation time increases almost by the third power of the number of
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constraints. For example, if the number of constraints is doubled, the

computation time increases 2°=8 times.

The method of solving these problems is divided into two categories of
variables with lower bound and variables with upper bound, which will be

examined in the following.

Variables with lower bound

In this section, you will find a situation where the problem only has

variables with lower bound. The general form of the problem is as follows:

Max Z :chxj
j=1

The constraint of the bounded variable can be equalized by subtracting

the new variable x;' from it:
r_ _ ’
X; =X] _Ij —X; _Ij +X]
By replacing |j+x'; with x;, the lower bound constraint for x; is removed

from the list of functional constraints. The steps for solving problems with

lower bound variables are as follows:

Step 1. For variables with lower bounds, change the variable x; to I;+x';

throughout the problem.

Step 2. Solve the new problem resulting from this change of variable
without considering the lower bound constraint using the standard simplex

method.

Step 3. Convert all x'; variables obtained in the final table to x; using the

variable change relation.

Example: Consider the following problem.
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Max Z =-Xx,+4x,
-3X,+X,<6
X,+2x,<4
X, 21
X, X, 20

Solve the above model using the lower bound method.
Solution:

X, is a variable with a lower limit, that is, the value of x, is not less than 1.

To remove this constraint, just change the following variable.
X, =1+X,
As a result, the problem will be as follows:

Max Z =—X,+4x,+4
-3X,+X,<5
X, +2X,<2
X;,X, 20
Using the simplex method, the optimal solution of the above model is as

follows.

X, =0,x,=1x,=x,+1=2,2"=8

Variables with upper bound

In many linear programming problems, the variables of the problem have
upper bounds that represent the maximum values of that variable. The upper
bound method is a method to solve such problems. The general form of this
model is as follows:

Max Z :icjxj

j=1

n
Zaijxj <b, i=1..m
=i

X;<u; J=L..,n
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The variable with upper bound method is a method that takes the upper
bound constraints from functional constraints and treats them separately like

non-negative constraints.

The main problem with variables with an upper bound is that changing
the variable is not as true as before; because there is no guarantee that

changing the variable like below, the value of x; will remain non-negative.
j— _— 4 r__
X, =U; =X] =X, +X| =U,

To clarify the above forms, we give an example. Suppose the following

constraint is assumed:

X, £3—>x; :3—xj,x; >0

For x;', the value of 5 can be considered because it is a non-negative value,

in which case, x; becomes -2, which is against the assumption of non-negative

Xj.

In the simplex method, it is assumed that the values on the right hand
side are non-negative, which causes the value of the basic variables to be non-
negative or feasible. In the upper bound method, instead of adding the upper
bound constraint, its effect can be replaced by changing the feasibility of the

basic solution which is no safisfied:
(1) right hand side value is negative or
(2) right hand side value exceed its upper limit.

In the following, the algorithm of the upper bound method is described.

More details will be given in solving a problem.

Step 1. Fill the simplex table as normal, but do not enter the upper bound

constraints.

Step 2. Select the non-basic variable input to the base, x, (the variable

with the most negative coefficient in the zero row(

38




Www.optimizationcity.com First Encyclopedia Of Operations Research

Step 3. To select the output variable, calculate the following ratios (a;, are

the coefficients of the variable x, in functional limits).

(i=1..,m)a, >0

b (i =1..,m),a, <0
—ay

U, is the upper limit of the input variable. Then calculate the minimum

value of (6, ,u, ). Three cases occur:

The first case: the minimum ratio is related to 6. . Then x, enters the base

and x, leaves the base. In this case, when x, enters a basic variable x,, its value
becomes zero. This is the same situation that you encountered before in the

standard simplex method.

The second case: the minimum ratio is related to u,. Then x, remains non-
basic and reaches its upper bound. In this case, the input variable becomes the
output variable. The variable (x,) should be changed to the variable y,=u,-x,
then the simplex method is used. With this, the new variable y, will remain
non-primary and with zero value. Because it was possible to enter the base,

but it reached its upper bound.

The third case: the minimum ratio is related to ¢, . In this case, the basic

variable against the negative number of the pivot column (x,) reaches its upper
limit. First a variable replacement is given for x, as y,=u,-x, and the operation

continues according to the simplex method.

Note: The difference between the second and third case is that in the

second case, the change of variable is done for the non-basic variable that has

the conditions to enter the base, but in the third case, the change of variable is

done for the current basic variable.

Step 4: Stop when all numbers in the zero line become non-negative. You
have reached the optimal solution.
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Example: Consider the following problem. Obtain the optimal solution

using the simplex with upper bound method.

Max Z =X, +2X, +X,
X;+X,+X,<6
X, +X,+X,;<1
X, <10
X, <3
X, <4
X1, X,, X320

Solution:

Step 1. By adding slack variables, like the simplex method, the problem

enters the following table.

Basic variable

z

S|

Sy

Step 2. The variable x2 is chosen as the input variable.

Step 3. To determine the output variable, the following value is

calculated.

The value of 4, means that the variable x, can increase up to 6 units so

that the variable s; does not become negative. The value of 9, means that the

variable x, can increase by 1 unit so that the variable s, does not become

negative. This is the concept of ratio test in simplex method.
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Because the numbers in the column corresponding to x, are positive,
there is no need to calculate a. The upper limit of variable x, is equal to 3, so

we have:
Min{6,,6,,u,} =Min {6,1,3} =1=6,
Since the minimum is related to (the first case of step 3), x, is entered and

s, is removed from the base, and the operation is performed exactly the same

as the simplex method.

Basic variable

Z

51

Ya

Step 3. Since there is a negative number (-3) in the zero row, the problem
is non-optimal and x; is the input variable. To determine the output variable,

the following ratios are calculated.

01=g=2.5 for a,=2>0

%:ﬂzg for a, =-1<0

—(-1
So,
Min {6, o;,,u,} = Min {2.5,2,10} =2 =,
Note: For simplicity of representation, 8; will be the ratio value for row 1,

o, will be the ratio value for row 2, and u; will be the upper bound for the non-

basic variable of column 1.

This case represents the second case of step 3. For further explanation,

we have the equation of row 2 as follows.

—X;+X, +X;+S,=1
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The variables x3 and s, are non-basic and their value is zero. Therefore,

the above equation is as follows.

X,<3

X, +X, =1—">X, =X,-1<3-1=2—>X%,<2

The value of x; can increase by two units (a,) so that the variable x,
reaches the upper bound which is equal to 3. In this case, x; enters the base
and x, leaves the base and is at its upper bound. In this case, the variable x, is
changed to x,=3-y, so that the variable x, is in the upper bound and the
variable y, has a value of zero and is placed in its lower bound and will be non-
basic.

Z —3X;+0xX,+X;+0xs,+2s,=2

Z —3%,+0x(3-y,)+X,+0xs,+25,=2

Z —3X, +X,+0xs,+25,=2

Because the coefficient of x, in the simplex table is zero, the change of
variable has no effect on the row 0 coefficients. There is no change for row 1 in

the same way. In the equation of the row 2, there is variable x,, so we have

X, +X,+X;+S,=1

X, +(3-Y,)+X;+s,=1

—X, =Y, +X;+S,=-2

By placing the above equation in the row 2 in the simplex table, we will

have

Basic variable

zZ

81

Y

The variable y, in the above table does not have the basic variable
condition. Also, the right side of the second line is negative. By multiplying row

2 of this table by -1, the following table is obtained.
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Basic variable

zZ

51

Y2

Step 3. Since the x; coefficient is negative in the zero row, we recalculate
the following ratios to determine the output variable. Because 2 and 1 (the
numbers under the x; variable column) are positive, there is no need to

calculate a.

Since the minimum ratio of the result is 6,, the operation continues as in

the simplex method.

Basic variable

zZ

S1

X1

X3 is the input variable and the following ratios are calculated. Considering
that one of the numbers in the x5 column is positive and the other is negative,

the values of a and @ are calculated.

w102 g i
1

Min {6, a,u;} = Min {%,8,4}:0

Again, it works like the case 1 of step 3 and the simplex table is as follows.
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Basic variable $q S5

z 1 0 9
X3 - 0.5 0.5 0.5
X, 05 | -0.5 2.5

The above table has the optimality condition, so the optimal solution is as
follows.

5 . . 1.
E,y2=0—>x2:3,x3=§,z =9

X, =
In the previous problem, the case 2 of step 3 did not occur. In the

following example, we examine this case.

Example:

Max Z =3x,+5X,
X, <4
2x,<12
3X,+2x, <18
X;,X,20

Solution:

Considering that the second constraint can be considered as an upper
bound for the x, variable with a value of 6, therefore, the model can be

transferred to the simplex table only by adding a slack variable.

Basic variable

z

51

X is the input variable and 8,=9 and also:

Min{g,u,}={9,6} =6=u,
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With the entry of x,, this non-basic variable reaches its upper bound and
the variable must be changed for it: x,=6-y,. The simplex table is changed

based on variable y, as follows.

Basic variable

Z

51

X, will be the input variable and we have:

f,=-=2

And the optimal table is as follows.

Basic variable

V4

X1

The optimal solution will be as follows:

X, =2,¥y,=0—>x,=6,Z2"=36
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Example: A Company has discontinued the production of a certain
unprofitable product line. This act created considerable excess production
capacity. The management is considering devoting this excess capacity to one
or more of three products; products 1, 2, and 3. The available capacity on the

machines is summarized in the following table:

Available time

Machine T
achine lype (Machine hours per week)

Milling machine 500

Lather 350

Grinder 150

The number of machine hours required for each unit of the products is:

Machine type Productl  Product?2 Product 3

Milling machine

Lathe

Grinder

The sales department indicates that the sales potential for products 1 and

2 exceeds the maximum production rate and that the sales potential for

product 3 is 20 units per week. The unit profit would be $50, $20, and $25,

respectively, on products 1, 2, and 3. The objective is to determine how much
of each product Omega should produce to maximize profit.

a) Formulate a linear programming model for this problem.

b) Solve the model using simplex method.

Solution:
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a) Let X, be the number of units of product i produced for i =1,2,3. The

linear programming model of this problem is as follows.

Max Z =50x, +20x, +25x,
st.
(M 9x,+3x,+5x, <500
(2) 5x,+4x, <350
(3) 3x, +2x,<150
(4) X, <20
20 1=1..3.

Constraint 1 is the same as milling machine capacity, constraint 2 is the same

as lathe capacity, constraint 3 is the same as grinder constraint, and constraint

4 is demand constriant.

b) Solve the model using the simplex method.

Max Z =50x, +20x, + 25X,
st.
(M) 9x,+3x,+5x,+x,=500
(2) 5x,+4x, +X, =300
3 +X, =150
4) +x,=20
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Basic
variable

x
Ky

>
i

U
=)

V4 Non optimal

500/9

350/5

o

X4

[O2 00 I Vo]

Xs

Xs Min 150/3

X,

z

l
N
o

Non optimal

X, Min 50/3

X; 100/4

Xy

X5

z

Non optimal

Min 33.3/2.33

o|lrjJjO|O]J]OC|O|RP]JOJO]JCOC]|jO|HH

50/0.33

o

Non optimal

o|l]o|o|lo]lr|O|]lCc]jOo|Oo)|r|O|COC]j]O|Oo]r|O]J]O|C|OC

45.23/0.95

Min 20/1

Optimal

o|lr|O|O|OCjJOo|RP|lO|lOC|O]JlOC|RP|OjJO|O]lO | P|O]J]O]|JOCjOC| w
ojloc|lo|Rr|OjJ]O|OC|lO|(RFRP|O]JO|OC|Cjrr|OO | O | W

o|loco|lr|O|lOCjJO O || O]|] O
[

20

35505 lpo S5 o0 27 =2904.76 4 (X1,X,,X5) = (26.19,54.76,20) & 50 4 aipge g

Dgbise py Doy 4 ale slhane

Optimal solution is (x,,X,,X,;)=(26.19,54.76,20) and Z =2904.76. The

shadow prices list as follows:
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The amount of

Constraint
slack or surplus

Shadow price

0 4.76

1.428

Example: consider the following problem:

Max Z =4x,+3X,+6X,
st.
D 3x,+2x,+3x,<30
(2) 2x,+2x,+3x,<40
X, 20 i1=123.

Using the simplex method to solve the problem.
Solution:

After the slack variables needed for the inequality constraints are

introduced, the original model becomes:

Max Z =4x, 43X, +6X,
st.
(M) 33X, +2x,+3X,+X, =30
(2) 2x,+2x,+3x,  +x,=40
X, 20 i=1..5.

Now we can apply the simplex method as follows:
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Basic
variable

Non-optimal

Min 30/3

40/3

Optimal

The optimal solution is X =(0,0,10,0,10) and Z =60 .

Example: consider the following problem:

Max Z =3x,+X,+5X,;+4xX,
st.
(M) 3x,-3x,+2x,; +8x,<50
(2) 5x,+6x,—4x,—-4x,<40
(3) 4x,—2x,+x, +3x,<20
X, 20 1=1234

Work through the simplex method step by step to demonstrate that Z is
unbounded.

Solution:

Max Z =3X,+X,+5X,+4X,
st.
(D 3x;—3x,+2x, +8x, +X; =50
(2) 5x,+6x,—-4x,-4x, +Xg =40
(3) 4x,—2x,+x, +3X, +x,=20
X, 20 i=1.,7.

Now we can apply the simplex method as follows:




wWww.optimizationcity.com First Encyclopedia Of Operations Research

Basic
variable

>
w
x
)
b3
o

F4

'
w

Non-optimal

Xs

25=50/2

Xe

X7

Min 20=20/1

z

Non-optimal

Xs

Min 10/1

Xe

X3

o|lojrllOoOjlOo O || O

z

‘ Non-optimal

X2

=

Xe

Rllo|lo]Jo|r|Ccjlolo ]|l |O|C

| Min 140/11 ‘

X3

4

‘ Unbounded ‘

X2

X1

X3

o|lo|o|r]|o|lo|lo|r|lo|o|lo|r]o
~rlo|lo|lolr|lollololr|olocllcli~lla]l™
-
-

o|jlo|lr|OjJOjJO|+ | O

Lo g o9-dion )8 39 dgaomali bog p I g aitss Sl ¢ Xy psite 25 (g 898 Jgir 5o

In the above table, the columns below the variable x, are non-positive

demonstrating that Z is unbounded. In fact, by increasing the two variables x,

and x,, the value of the objective function goes to infinity.

Example: Consider the following problem:

Min Z =0.4x, +0.5x,
st.
(1 0.3x,+0.1x,<138
(2) 0.5x,+0.5x,=6
(3) 0.6x,+0.4x,>6
X, 20 i=12

a) Solve this problem graphically.

b) Using the Big M method, work through the simplex method step by

step to solve the problem.
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Solution:

a) The model has no feasible region.

0.3x,+0.1x, <1.8

0.5x,+0.5x,=06

0.6x,+04x,=6

§ 9 10 11 12 13 14 15 16 1

b) convert min to max, and use artificial/surplus/slack variables and the

Big M method to construct the complete first simplex tableau for the simplex

method,

Max —Z +0.4x,+0.5x, + Mx, +MXx,
st.
(D 0.3x,+0.1x, + X, =18
(2) 05x,+0.5x, +x, =
(3) 0.6x,+0.4x, —Xs+X;=06
X, 20 i=16.
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Basic
variable

z

X X,

-1.1M+0.4 | -0.9M+0.5 - Non-optimal

03 0.1 . Min 1.8/0.3

0.5 0.5 6/0.5

0.6 0.4 0 . 6/0.5

0 - 3.67M-1.33 - Non-optimal

3.33 6/0.33

-1.667 Min 3/0.33

-2 - . 2.4/0.2

‘ Optimal

W IN|IP|IOJW | NP |OJW|N|[RFL]|O

In the final table, the optimal condition is reached, but x,=0.6 is greater

than zero, which means that the original model has no solution.




